CIRCULAR CONTACTS
Hertz showed that the contact area between two smooth, curved, elastic bodies, in the absence of adhesion, is elliptical in shape, where the ratio of the major and minor axes a/b is a function of the ratio of the relative principal radii of curvature R 2 /R 1 (see Johnson 1985) . For spherical bodies, where the contact is circular, the Hertz theory has been modified to include adhesive forces at the interface (Johnson, Kendall & Roberts 1971) . The surfaces are pulled together so that the contact radius is somewhat greater than the Hertz value at the same load. The relationship between the contact radius a and the load P is given by:
where P 1 is the Hertz load on a contact of radius a and P a is the tensile (negative) load due to the adhesive forces which are distributed as:
−1/ 2 , like those acting on a rigid flat punch.
of adhesion. The expression for P a in equation (1) can be most easily obtained by recognizing that the periphery of the contact has the form of an external circular crack with a Mode I stress intensity factor K = p a πa . For an equilibrium crack: K 2 = 2E*∆γ.
ELLIPTICAL CONTACTS
If we now apply the same approach to the case of an elliptical contact area, the first term in equation (1) implies that the semi-axes of the ellipse, a h , and b h are the Hertz values for an adhesionless contact. The corresponding distribution of adhesive forces, again as for a rigid flat punch, would be:
with stress intensity factors at the ends of the major and minor axes: K(a,0) = p a πa h and K(0,b) = p a πb h . This result is unacceptable since, for the crack to be in equilibrium, K should have the constant value 2E * ∆γ all round the edge of the contact. It is clear that, with adhesion, the contact cannot retain the Hertz shape. However we shall assume that the contact remains elliptical and of such an eccentricity that the stress intensity factors are equal at the ends of both axes. We start by assuming a pressure distribution
Equating the values of K at (a,0) and (0,b) gives 
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where δ is the total compression of the two bodies. It is now required to find values of α, β and p 1 , which will produce displacements to satisfy equation (5).
A theorem due to Galin (1953) establishes that any pressure distribution in the form of equation (3) 
The elements of the matrix [M] have been obtained by Kalker (1967) , expressed in terms of the complete elliptic integrals of the first and second kinds, K(e) and E(e), where e 2 = 1-(b/a) 2 .
Putting w 00 = δ, w 02 = 1/2R 1 , w 20 =1/2R 2 enables the matrix equation (7) to be solved for (4) and (7) give both load W and contact size c as functions of eccentricity e, so that c can be plotted against W (figure 1) to compare with the circular case given by equation (1). The curves are very similar, with the contact size diminishing with increasing curvature ratio. The pull-off force also decreases from its value of 3πR∆γ/2 in the circular case. The ratio b/a is not constant, but increases with increasing load to approach the Hertz value for the specified curvature ratio. (figure 2).
Finally it is shown that the values of K in the quadrants between the axes of the ellipse are not quite constant. This shows that the true contact area is not precisely elliptical as assumed in the analysis, although the effect on our results is likely to be small. A more precise solution would require a numerical method. 
